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We explore the thermodynamis of the gluon plasma in SU(3) Yang-Mills the-
ory emerging from the non-trivial spatial dynamis of valene gluons. The lattie
data suggest that these gluons interat with eah other linearly at large spatial sep-
arations. At high temperatures, valene gluons should reprodue the pressure of the
non-interating Stefan-Boltzmann plasma along with the leading perturbative orre-
tion. These properties of valene gluons an be modeled in terms of the integral over
their trajetories. We alulate suh a world-line integral analytially and obtain
the pressure and the interation measure (ε − 3p)/T 4 of the gluon plasma. Addi-
tionally, we aount for the ontributions of stohasti bakground elds to these
thermodynami quantities. The results turn out to be in a good agreement with the
orresponding lattie data. In partiular, the lattie-simulated peak of the interation
measure near the deonnement ritial temperature is reprodued.
I. INTRODUCTION
How strong are the interations in the quark-gluon plasma? In onnetion with RHIC
heavy-ion experiments, this question has been posed [1℄ to understand the low shear visosity
neessary for a hydrodynami desription of the early phase of a heavy-ion ollision [2℄. On
the lattie, strong interations in the QCD plasma up to temperatures about twie the deon-
nement ritial temperature are known from simulations of the interation measure [3, 4℄.
Analyti models aiming at a desription of these lattie data use both perturbative [5℄ and
nonperturbative [6℄ tehniques. In the present paper, we revisit this problem by analytially
alulating the pressure and the interation measure (ε− 3p)/T 4 of the gluon plasma. The
main nonperturbative dynamial input of our alulation is the spatial onnement of va-
2lene gluons and the Polyakov loop, whih are known from lattie simulations [7℄ and [8℄,
respetively. Following previous works [6, 9℄, we use the term "valene gluons" emphasizing
their onning interations at large spatial distanes. At small distanes, valene gluons be-
ome quasi-free. Aordingly, the spatial Wilson loop of a valene gluon obeys the area law
at large distanes and goes to unity at small distanes. Additionally, we model small spatial
Wilson loops in suh a way as to reprodue the known leading O(g2) perturbative ontri-
bution to the pressure of the gluon plasma [10℄. We manage to analytially alulate the
world-line integral representing the free energy of a valene gluon at any distanes. Further-
more, we aount for the interation of spatial valene gluons with temporal bakground
elds through the Polyakov loop [6℄, and for stohasti bakground elds, whih provide
spatial onnement of valene gluons. It turns out that our model is able to reprodue the
lattie data on the pressure and the interation measure of the gluon plasma rather well.
The world-line integral representing the one-loop free energy of a valene gluon [6, 11℄
an be redued to the Euler-Heisenberg eetive Lagrangian in an auxiliary Abelian eld
of a purely geometri origin. The weight fator assoiated with this eld is onstruted
in suh a way as to reprodue the Wilson loop in the original non-Abelian theory. We
emphasize that we are not onsidering a YM theory in a onstant Abelian-type bakground
eld [36℄. Another related approah to inorporate nonperturbative ontributions to the one-
loop eetive ation [15℄ uses the two-point orrelation funtion of gluoni eld strengths
provided by the stohasti vauum model [16℄.
The paper is organized as follows. Setion II is devoted to the alulation of the world-
line integral for a valene gluon using a parametrization for the minimal area in terms of the
ontour of the spatial Wilson loop. In Setion III, we numerially evaluate the pressure and
the interation measure of the gluon plasma. In Setion IV, we summarize our approah and
the main results of the paper. In Appendix A, we evaluate the ontributions of stohasti
bakground elds to the pressure and the interation measure.
II. THE SET-UP FOR THE FREE-ENERGY DENSITY
Lattie simulations [3, 7℄ in the deonnement phase (T > Tc) show that averages of
large spatial Wilson loops still exhibit an area law. In SU(3) YM theory, the ritial tem-
perature is Tc ≃ 270MeV [3℄ (see e.g. Ref. [17℄ for a review). This "magneti" or "spatial"
3onnement [18℄ of spatialWilson-loop averages is the main established nonperturbative phe-
nomenon in the quark-gluon plasma. It does not ontradit the genuine deonnement of a
stati quark-antiquark pair represented by averages of spae-time Wilson loops at T > Tc.
We follow the strategy of Refs. [6, 9, 11℄ to model the spatial onnement of the valene
gluons aaµ by stohasti bakground elds B
a
µ. With the ansatz A
a
µ = B
a
µ+a
a
µ, the Eulidean
YM partition funtion at nite temperature has the following form:
Z(T ) =
〈∫
Daaµ(x, t) exp
[
− 1
4g2
∫ β
0
dx4
∫
V
d3x(F aµν [A])
2
]〉
.
Here β ≡ 1/T , V is the three-dimensional volume, F aµν [A] is the QCD eld-strength tensor,
and the averaging over the bakground Baµ-elds is symbolized by the brakets 〈. . .〉 ≡ 〈. . .〉B.
All the funtional integrations imply periodi boundary onditions aaµ(x, β) = a
a
µ(x, 0),
Baµ(x, β) = B
a
µ(x, 0). Performing Gaussian integration over the valene gluons, one obtains
the gluon determinant:
Z(T ) =
〈{
det
[−(Daµ[B])2]}− 12 ·2(N2c−1)〉 , (1)
with the ovariant derivative (Dµ[B]fν)
a = ∂µf
a
ν +f
abcBbµf
c
ν . Equation (1) inludes the olor
degrees of freedom of the valene gluons and their physial polarizations, 2(N2c − 1). In the
one-loop approximation for the aaµ-eld, it an be simplied further:
Z(T ) = 〈exp {−(N2c − 1)Tr ln [−(Daµ[B])2]}〉 ≃
≃ exp {−(N2c − 1) 〈Tr ln [−(Daµ[B])2]〉} . (2)
The loop of fast eld utuations reeives innitely many ontributions of the slow Baµ-eld.
In Eq. (2), "Tr" inludes the trae "tr" over olor indies and the funtional trae over
spae-time oordinates.
The free-energy density F (T ) is dened by the standard formula
βV F (T ) = − lnZ(T ). (3)
The interations of valene gluons with the bakground elds an be alulated through
the world-line method. Representing the trae of ln
[−(Daµ[B])2] in terms of the Shwinger
proper time s as Tr ln Oˆ = − ∫∞
0
ds
s
Tr e−sOˆ, one has [19℄
4F (T ) = −(N2c − 1) · 2
∞∑
n=1
∫ ∞
0
ds
s
∫
Dzµe− 14
R s
0
dτ z˙2µ 〈W [zµ]〉 . (4)
Eah world-line path xµ(τ) has a enter cµ =
1
s
∫ s
0
dτxµ(τ). The integration over the positions
of the enters cµ yields the fator βV on the left-hand side of Eq. (3). The vetor-funtion
zµ(τ), τ ∈ [0, s], in Eq. (4) haraterizes the shape of the ontour of the Wilson loop relative
to the enter cµ. The integration goes over world-line paths zµ(τ) = xµ(τ)− cµ obeying the
periodi boundary onditions
z4(s) = z4(0) + βn, z(s) = z(0). (5)
Furthermore, the summation goes over the winding number n with a fator of 2 aounting
for the modes with n < 0. The zero-temperature part of the free-energy density orrespond-
ing to the zeroth winding mode, n = 0, has been subtrated [6, 20℄. For simpliity, we use
the standard approximation whih neglets the gluon spin term. Equation (4) represents
the main idea of our approah that the valene gluons, as high-energy utuations of the
gluoni eld, propagate in a low-energy stohasti bakground, whih enters Eq. (4) in the
form of the Wilson-loop average
〈W [zµ]〉 ≡
〈
trP exp
(
i
∮
C
dzµBµ
)〉
. (6)
We use the notation Bµ ≡ Baµtaadj with (taadj)bc = −ifabc. For brevity, we will all the
average (6) just "the Wilson loop" [37℄.
We will argue that the Wilson loop fatorizes into a purely spatial Wilson loop and an
averaged n-th power of a time-like Polyakov loop:
〈W [zµ]〉 ≃ 〈W [z]〉
+∞∏
n=−∞
〈Ln(T )〉 , (7)
with
〈W [z]〉 =
〈
trP exp
(
i
2
∫
Σ(C)
dσjkFjk[B]
)〉
(8)
and
〈Ln(T )〉 =
〈
tr T exp
(
in
∫ β
0
dz4B4
)〉
.
5In Eq. (7), we have rewritten the spatial Wilson loop through the non-Abelian Stokes'
theorem. We have suppressed for simpliity the Shwinger strings, whih onnet the point
where the eld-strength tensor F ajk is dened to a given referene point on an arbitrary
surfae Σ(C) enirled by the ontour C. The integration in Eq. (8) goes over the purely
spatial part of that surfae haraterized by the dierential elements dσjk. By using the
umulant expansion, one an express the Wilson loop 〈W [zµ]〉 in terms of the onneted
averages (umulants) of hromo-magneti and hromo-eletri elds, Hai =
1
2
εijkF
a
jk[B] and
Eai = iF
a
4i[B]. Lattie data [21℄ suggest that the umulant-expansion series an be trunated
at the seond term, sine the amplitudes of higher terms are signiantly smaller. A general
Wilson-loop alulation leads to three orrelation funtions
〈Ei(x)Ek(x′)〉 , 〈Hi(x)Hk(x′)〉 , and 〈Ei(x)Hk(x′)〉 . (9)
Following the lattie data [21℄, we assume that the orrelation funtion 〈Ei(x)Ek(x′)〉 van-
ishes right after the deonnement phase transition. This fat ensures deonnement. The
same lattie data also indiate that the amplitude of the mixed hromo-eletrihromo-
magneti orrelation funtion 〈Ei(x)Hk(x′)〉 is by an order of magnitude smaller than the am-
plitude of the hromo-magnetihromo-magneti orrelation funtion 〈Hi(x)Hk(x′)〉. This
property leads to fatorization, Eq. (7). After fatorization, the world-line integral over
z4(τ) beomes a one-dimensional world-line integral for a free partile. Carrying it out, one
arrives at the following expression (f. Ref. [9℄):
F (T ) = −(N2c − 1) · 2
∞∑
n=1
∫ ∞
0
ds
s
e−
β2n2
4s√
4pis
〈Ln(T )〉
∫
Dz e− 14
R s
0
dτ z˙2 〈W [z]〉 . (10)
The dynamis of the strongly interating gluon plasma is now enoded in the Polyakov
and spatial Wilson loop expetation values, whih make the free energy nontrivial. An
expetation value of the spatial Wilson loop 〈W [z]〉 depends on the area S ≡ S[z] of the
minimal surfae dened by the spatial ontour z(s). At small spatial separations between
valene gluons, 〈W [z]〉 → 1, that orresponds to a non-interating Stefan-Boltzmann plasma.
At large separations, a nonperturbative linear interation between valene gluons emerges
from the spatial area law, 〈W [z]〉 → exp[−σ(T )S]. By "interation" we mean the "potential"
for the gluoni pair evolving in some spatial diretion. The linear "potential" between valene
gluons at large spatial separations an originate from their interation with hromo-magneti
6bakground elds Hai .
Furthermore, we mimi the leading O(g2) perturbative ontribution to the pressure [10℄
by modeling perturbative interations of valene gluons in terms of the spatial Wilson loop.
The orresponding short-distane ansatz for the renormalized spatial Wilson loop reads
〈W [z]〉p = e−C(T )g
2(T )TL,
where L =
∫ s
0
dτ |z˙| is the length of the ontour, and the prefator C(T )g2(T )T is hosen in
suh a way that the leadingO(g2)-orretion to the Stefan-Boltzmann pressure is reprodued
orretly. We assoiate the O(g2)-term in the pressure with perturbative interations due
to the massless-gluon exhange at short distanes ≤ O( 1
T
)
. These distanes are smaller
than O( 1
gT
)
and O( 1
g2T
)
, where the gluon mass terms in the propagator beome eetive
(f. the reent paper [22℄). First, by omparing our result for the pressure with the known
perturbative one [10℄, we will determine the limiting value C of the funtion C(T ) at T ≫ Tc.
This limiting value alone is not suient, and in the seond step, we will parametrize the
funtional form of C(T ).
Our short-distane ansatz for the spatial Wilson loop an be unied with the spatial-area
law to a single formula
〈W [z]〉 = exp
[
−C(T )g2(T )T
√
S − σ(T )S
]
. (11)
For the short-distane part, we have estimated the length of the ontour,
∫ s
0
dτ |z˙|, as of
order
√
S. Note that, in this way, just one single equation (11) reprodues both the small-
and the large-distane regimes of the Wilson loop. Indeed, the rst term in the exponent,
whih desribes perturbative interations of valene gluons, dominates for suiently small
areas, whereas the seond term dominates for suiently large areas.
We implement now an ansatz for the minimal area S, whih is ruial for the subsequent
alulation:
S ≃ 1
2
∫ s
0
dτ |z× z˙|. (12)
It parametrizes a parasol-shaped surfae made of thin segments, as depited in Fig. 1. Note
that, sine
∫ s
0
dτz = 0, the point where the segments merge is the origin. Thus, ansatz (12)
automatially selets from all one-shaped surfaes having z(τ) as a boundary the one of
the minimal area. We further approximate the integral in Eq. (12) as follows:
S ≃
√
f2 (13)
7Figure 1: A view from above on a typial trajetory in the world-line integral, Eq. (10), depited
by the thik line, and the assoiated minimal surfae parametrized by Eq. (12), depited by the
thin lines. The point where the piees merge is the origin.
with
f ≡ 1
2
∫ s
0
dτ(z× z˙).
The left-hand side of Eq. (13), given by Eq. (12), an be larger than its right-hand side.
This happens if, in the ourse of its evolution in the spatial diretions, the valene gluon
performs bakward and/or non-planar motions. Should this happen, the vetor produt
(z × z˙) hanges its diretion, and the vetor integral on the right-hand side of Eq. (13)
reeives mutually anelling ontributions. The non-baktraking approximation adopted in
Eq. (13) is widely used in the ontext of minimal surfaes allowing analyti alulations of
the assoiated world-line integrals (see e.g. [9, 12, 23℄). We further proeed with alulating
separately the perturbative part and the full free-energy density of the gluon plasma.
A. The perturbative ontribution to the free-energy density
At T & 3Tc, the Stefan-Boltzmann law along with the leading O(g2) perturbative orre-
tion [10℄,
Fp(T ) = −8pi
2T 4
45
[
1− 15
16pi2
g2(T ) +O(g3)
]
, (14)
reprodues more than 95% of the lattie-simulated pressure of the gluon plasma [3℄. There-
fore, at suh temperatures, one an retain only the rst term in the exponent of Eq. (11),
where C(T ) should go to a onstant C with the inrease of T . We determine the value of C
by alulating the perturbative ontribution to the free-energy density with our ansatz for
a small Wilson loop,
〈W [z]〉p = e−Cg
2(T )T (f2)1/4 , (15)
8and equating the result to the known expression, Eq. (14). The perturbative ontribution
to the free-energy density has the form
Fp(T ) = −(N2c − 1) · 2
∞∑
n=1
∫ ∞
0
ds
s
e−
β2n2
4s√
4pis
∫
Dz e− 14
R s
0
dτ z˙2 〈W [z]〉p , (16)
where we have used the leading-order perturbative result for the averaged Polyakov loop [26℄
〈L(T )〉p = 1 +O(g3). (17)
To alulate the world-line integral in Eq. (16), we disentangle the fourth root in the exponent
of Eq. (15) by introduing two idential auxiliary integrations as follows:
〈W [z]〉p =
1
pi
∫ ∞
0
dλ√
λ
∫ ∞
0
dµ√
µ
exp
[
−λ− µ− (Cg
2(T )T )4f2
64λ2µ
]
.
We further use the Hubbard-Stratonovih trik
e−Af
2
=
1
(4piA)3/2
∫
d3He−
H
2
4A
+iHf , (18)
where A > 0, and H is an auxiliary onstant Abelian magneti eld. It yields
〈W [z]〉p =
=
64
pi5/2
1
(Cg2(T )T )6
∫ ∞
0
dλλ5/2e−λ
∫ ∞
0
dµµe−µ
∫
d3H exp
[
− 16λ
2µ
(Cg2(T )T )4
H
2 + iHf
]
.
This expression, plugged into the world-line integral, Eq. (16), desribes nothing but the
proper-time evolution of a harged partile in the eetive Abelian eld H, governed by the
Lorentz fore ∝ (z˙×H). The world-line integration, whih is equivalent to the "summation"
over all Landau levels, leads to the bosoni Euler-Heisenberg Lagrangian [19℄, namely∫
Dz e− 14
R s
0
dτ z˙2+iHf =
1
(4pis)3/2
Hs
sinh(Hs)
. (19)
The µ-integration an be performed analytially. We further set Nc = 3 and denote
ξ ≡ Cg2,
suppressing for brevity the temperature dependene of g(T ). Resaling h ≡ H/ξ2, we obtain
Fp(T ) = −256T
4
pi7/2
ξ2
∞∑
n=1
∫ ∞
0
ds
s2
e−
n2
4s
∫ ∞
0
dh
h3
sinh(ξ2hs)
∫ ∞
0
dλ
λ5/2e−λ
(16λ2h2 + 1)2
. (20)
9To the leading order of the ξ-expansion, sinh(ξ2hs) ≃ ξ2hs, and one an use the value of the
integral ∫ ∞
0
dhh2
∫ ∞
0
dλ
λ5/2e−λ
(16λ2h2 + 1)2
=
pi3/2
256
to reover the Stefan-Boltzmann result:
Fp(T ) ≃ −T
4
pi2
∞∑
n=1
∫ ∞
0
ds
s3
e−
n2
4s = −8pi
2T 4
45
. (21)
The next term of the ξ-expansion of Eq. (20) should orrespond to the g2-term in Eq. (14).
To derive it, we should approximate sinh(ξ2hs) ≃ ξ2hs[1 + (ξ2hs)2/6], that yields
Fp(T ) ≃ −256T
4
pi7/2
∞∑
n=1
∫ ∞
0
ds
s3
e−
n2
4s
∫ ∞
0
dλλ5/2e−λ
∫ ∞
0
dh
h2
(16λ2h2 + 1)2
· 1
1 + (ξ2hs)2/6
.
The h-integration in this formula an be performed analytially, so that we obtain
Fp(T ) ≃ −16T
4
pi5/2
∞∑
n=1
∫ ∞
0
ds
s3
e−
n2
4s
∫ ∞
0
dλ
λ3/2e−λ
(4λ+ ξ2s/
√
6)2
.
To the order O(ξ0), this formula reovers again the Stefan-Boltzmann free-energy density,
Eq. (21). The O(ξ1)-term of interest an be obtained by approximating the sum over winding
modes by the rst two terms:∫ ∞
0
ds
s3
(
e−
1
4s + e−
1
s
)∫ ∞
0
dλ
λ3/2e−λ
(4λ+ ξ2s/
√
6)2
=
17
√
pi
16
− 27pi
3/2
128 · 61/4 · ξ +O(ξ
2).
This yields the desired free-energy density
Fp(T ) ≃ −T 4
(
17
pi2
− 27
8pi · 61/4 · Cg
2(T )
)
, (22)
whih an be ompared with the known result, Eq. (14). Comparing the O(g0)-terms,
8pi2
45
≃ 1.75 and 17
pi2
≃ 1.72, we onlude that the approximation of the full sum over winding
modes by the (n = 1)- and the (n = 2)-terms is indeed very good. Comparing the O(g2)-
terms, we nally obtain:
C =
8pi
27 · 63/4 ≃ 0.24. (23)
We set the funtion C(T ) to this onstant value at the highest temperature of 4.54Tc ahiev-
able by the lattie simulations. With the derease of temperature, perturbation theory
beomes less and less appliable. We impose this fade of perturbation theory by the gradual
nulliation of the funtion C(T ). The full free-energy density, orresponding to the spatial
Wilson loop (11), will be alulated in the next Subsetion.
10
B. The full free-energy density
To alulate the world-line integral with the full Wilson loop, Eq. (11), we rst transform
√
S in the exponent to S by introduing an auxiliary integration as
〈W [z]〉 = e−γ
√
S−σS =
∫ ∞
0
dλ√
piλ
exp
[
−λ−
(
γ2
4λ
+ σ
)
S
]
,
where
γ ≡ C(T )g2(T )T,
σ ≡ σ(T ). By introduing one more suh integration, we further transform S to S2:
〈W [z]〉 =
∫ ∞
0
dλ√
piλ
∫ ∞
0
dµ√
piµ
exp
[
−λ− µ− 1
4µ
(
γ2
4λ
+ σ
)2
S2
]
.
We an now apply the Hubbard-Stratonovih trik, Eq. (18), and integrate over µ analyti-
ally. With the use of Eq. (13), this yields
〈W [z]〉 = 1
pi5/2
∫ ∞
0
dλ√
λ
e−λ
∫
d3H
γ2
4λ
+ σ[
H2 +
(
γ2
4λ
+ σ
)2]2 eiHf . (24)
The world-line integration an again be performed by using Eq. (19), that nally yields the
full free-energy density
F (T ) = − 4
pi7/2
×
×
∞∑
n=1
〈Ln(T )〉
∫ ∞
0
ds
s2
e−
β2n2
4s
∫ ∞
0
dλ√
λ
(
γ2
4λ
+ σ
)
e−λ
∫ ∞
0
dH
H3/ sinh(Hs)[
H2 +
(
γ2
4λ
+ σ
)2]2 . (25)
The remaining ordinary integrations over H , λ, and s will be performed numerially in the
next Setion.
III. NUMERICAL EVALUATION
We x now the temperature dependenes of various quantities entering the alulation.
We adopt the perturbative two-loop running oupling at nite temperature [3℄
g−2(T ) = 2b0 ln
T
Λ
+
b1
b0
ln
(
2 ln
T
Λ
)
, where b0 =
11Nc
48pi2
, b1 =
34
3
(
Nc
16pi2
)2
, (26)
and Nc = 3 for the ase under study. Furthermore, we assume the value Λ = 0.104Tc [3℄.
11
At temperatures smaller than the temperature of dimensional redution, T < T∗, all
dimensionful quantities an be approximated by their zero-temperature values [24℄. We use
the value T∗ = 2Tc, as suggested by the same lattie data [3℄. The temperature-dependent
string tension in the adjoint representation of interest reads
σ(T ) =
9
4
σ0 ·


1 at Tc < T < T∗,[
g2(T )
g2(T∗)
· T
T∗
]2
at T > T∗,
(27)
where σ0 = (440MeV)
2
is the zero-temperature value of the string tension in the fundamental
representation. The oeient 9/4 stems from the Casimir-saling hypothesis for the string
tensions in various representations. Casimir saling has proven in Ref. [25℄ to be a good
approximation also for the averaged Polyakov loop in the adjoint representation, 〈L(T )〉.
That is, this average an be approximated as 〈L(T )〉 ≃ 〈Lf(T )〉9/4, where 〈Lf(T )〉 is the
averaged Polyakov loop in the fundamental representation, whih has been simulated on the
lattie in Ref. [8℄. Sine the (Nτ = 4)- and (Nτ = 8)-data from Ref. [8℄ follow the same
pattern, we t them both by the four-parameter funtion, whih we use in the subsequent
alulation:
〈Lf(T )〉 = 1.11− 1.53
1 + exp
[
1.92
(
T
Tc
− 1
)0.51] . (28)
In Fig. 2, we plot both the lattie data on the averaged Polyakov loop 〈Lf(T )〉 and the
results of the t. For omparison, in the same Fig. 2, we present the results of a simpler t
for the (Nτ = 8)-data alone [27℄
〈Lf(T )〉 = exp
{
−1
2
[−0.23 + 1.72(Tc/T )2]
}
(29)
and observe a bit less good agreement. Note that, at T ≫ Tc, our t for 〈Lf(T )〉 and the t of
Ref. [27℄ approah unity from above, in aordane with the positivity of theO(g3)-orretion
in Eq. (17) [22, 26℄. Furthermore, to estimate the eet of the seond winding mode, we
use for the averaged square of the Polyakov loop in the adjoint representation the following
approximation: 〈L2(T )〉 ≃ 〈L(T )〉2. Note that the freedom in hoie of the renormalization
sheme results in the multipliation of the renormalized Polyakov loop by a temperature-
dependent fator. Suh a multipliation is equivalent to the adding of some onstant A to
the stati quark-antiquark potential. We use here the values of the renormalized Polyakov
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loop in the fundamental representation from Ref. [8℄. In that paper, A is xed to 0 by
demanding the stati potential at T = 0 to have the form V (r) = σ0r − pi/(12r) at r > r0,
where the value of σ0 is given right after Eq. (27), and r0 ≃ 0.5 fm is the so-alled Sommer
sale [28℄. Finally, to minimize the number of free parameters, we assume that the funtion
C(T ) rises linearly from 0 to the derived value (23) when T grows from T∗ to 4.54Tc, that
is the maximal temperature at whih the lattie values [3℄ for the pressure are available.
Expliitly, the assumed funtion C(T ) has the form
C(T ) =

 0 at Tc < T < T∗,0.24 · T−T∗
4.54Tc−T∗ at T∗ < T < 4.54Tc.
(30)
Using the above parametrizations, we alulate numerially the pressure of valene gluons
pval(T ) = −F (T ),
with their full free-energy density given by Eq. (25). This further yields their ontribution
to the interation measure
(ε− 3p)val = T ∂pval
∂T
− 4pval.
Additionally, we take into aount stohasti bakground elds, whih provide spatial on-
nement of valene gluons in our model. Their ontribution (ε− 3p)stoch to the interation
measure is evaluated in Appendix A. We nd that (ε − 3p)stoch is nonvanishing and nega-
tive denite at temperatures T > T∗, where its absolute value amounts to a few perent of
(ε− 3p)val.
In Fig. 3, we plot the full interation measure
ε− 3p
T 4
=
(ε− 3p)val + (ε− 3p)stoch
T 4
,
and ompare it with the lattie results from Ref. [3℄. In Fig. 4, we do the same for the full
pressure,
p
T 4
=
pval + pstoch
T 4
.
Given all the approximations adopted, one an onlude that, for both the interation mea-
sure and the pressure, the agreements with the orresponding lattie results are rather good.
Finally, one an dene separately the perturbative and the nonperturbative ontributions
to the pressure. The perturbative ontribution is given by Eq. (22) with the onstant C
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Figure 2: The averaged Polyakov loop 〈Lf(T )〉 aording to Ref. [8℄ (ourtesy of P. Petrezky) and
the tting urves aording to Eqs. (28) and (29).
replaed by the full funtion C(T ) given by Eq. (30). Expliitly, this ontribution reads [38℄
ppert
T 4
=
17
pi2
− 27
8pi · 61/4 · C(T )g
2(T ).
The nonperturbative ontribution is aordingly dened as a dierene
pnonpert
T 4
=
p− ppert
T 4
.
It inludes the pressure produed by stohasti bakground elds and the nonperturbative
part of the pressure produed by valene gluons. In Fig. 5, we plot ppert/T
4
, pnonpert/T
4
,
and one again for omparison the lattie data on p/T 4.
IV. SUMMARY AND CONCLUDING REMARKS
The aim of the present paper has been an analyti alulation of the pressure p(T ) and
the interation measure (ε − 3p)/T 4 of the gluon plasma in SU(3) YM theory. Our main
phenomenologial input is onnement of valene gluons at large spatial separations and
their perturbative interation at small separations. The orresponding form of a spatial
Wilson loop, Eq. (11), aounts for these interations.
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Figure 3: Lattie data (full drawn urve) [3℄ on the interation measure
ε−3p
T 4
(ourtesy of F. Karsh)
ompared to the results of our model (dashed urve).
 0
 0.2
 0.4
 0.6
 0.8
 1
 1.2
 1.4
 1.6
 1  1.5  2  2.5  3  3.5  4  4.5  5
T/Tc
Lattice data
Our modelPSfrag replaements
p T
4
Figure 4: Lattie data (full drawn urve) [3℄ on the ratio p/T 4 (ourtesy of F. Kars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ompared
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Figure 5: Separately shown are the nonperturbative and the perturbative ontributions to the ratio
p/T 4. The lattie data, as in Fig. 4, are shown one again for omparison.
One an prove numerially that, at temperatures T & 3Tc, the lattie-simulated pressure
of the gluon plasma is by more than 95% desribed by the Stefan-Boltzmann law along with
the perturbative interation between valene gluons, Eq. (14). This fat enables us to x
the limiting high-temperature value C of the funtion C(T ), whih is used to parametrize
the perturbative interation in terms of spatial Wilson loops. The value of C, Eq. (23),
is obtained by analytially alulating the world-line integral with suh a Wilson loop and
omparing the obtained free-energy density with the known result (14).
At high temperatures, T > 2Tc, valene gluons in our model interat both linearly at
large spatial separations and Coulomb-like at small separations, while at T < 2Tc only the
large-distane linear part remains. With these interations taken into aount, we manage
to analytially alulate the world-line integral, and obtain the ontribution of spatial dy-
namis to the pressure at any temperature, Eq. (25). Additionally, we aount also for the
interation of valene gluons with the Aa4-gluons via the Polyakov loop, whih is taken as a
t to the lattie data [8, 25℄. The ritial behavior of the Polyakov loop is ruial for the
nulliation of the pressure at T = Tc and a peak of the interation measure near Tc (f.
Refs. [6, 29℄). Furthermore, stohasti bakground elds, that an be responsible for the
spatial onnement of valene gluons, produe their own ontributions to the interation
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measure and the pressure, whih are also taken into aount [f. Eqs. (33) and (34)℄. In
Figs. 3 and 4, we ompare our results for these two thermodynami quantities of the gluon
plasma with the orresponding lattie data. The observed reasonable agreement suggests
that spatially onned valene gluons, along with the stohasti bakground elds, ould
indeed be the right degrees of freedom for the desription of the gluon-plasma thermody-
namis.
Last but not least, we mention that, on the tehnial side, our paper advaned to an-
alytially alulate the world-line integral with the minimal-area surfae for eah traje-
tory involved in the integration. Of ourse, it beame possible only by virtue of a ertain
parametrization of suh a surfae in terms of the orresponding trajetory. Namely, we rst
assume that the surfae has a parasol-shaped form, so that its area is S ≃ 1
2
∫ s
0
dτ |z× z˙|, and
use the approximation of non-baktraking planar trajetories S ≃ 1
2
∣∣∫ s
0
dτ(z× z˙)∣∣. With
the Hubbard-Stratonovih transformation (18), furthermore it is possible to single out the
trajetory-dependene in the form exp
[
i
2
H
∫ s
0
dτ(z × z˙)], where H is an auxiliary onstant
Abelian magneti eld. For suh a eld, the world-line integral beomes the known Euler-
Heisenberg Lagrangian, Eq. (19). It looks promising to generalize this parametrization to
the 4D ase, that amounts to additionally introduing an eetive Abelian eletri eld.
Suh an approah would enable one to systematially aount for eets of onnement in
various Feynman diagrams (f. Ref. [9℄). Work in this diretion is in progress.
Finally, let us mention other reent studies, where the same thermodynami quantities
have been alulated either by analyti methods, perturbatively in [30℄ and nonperturba-
tively in [31℄, or on the lattie [32, 33℄. In partiular, Ref. [33℄ generalizing the interation
measure obtained in Ref. [3℄ to Nc > 3 states that ε−3p is approximately independent of Nc
for Nc ≤ 6. This observation, one reeiving onrmation by further lattie measurements,
deserves theoretial interpretation.
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Appendix A. Contributions of stohasti bakground elds to the pressure and the
interation measure
The ontribution of stohasti bakground elds to the interation measure an be al-
ulated diretly, by the known formula, whih assumes no valene gluons [34℄
(ε− 3p)no val. gl. = −b
32pi2
[〈
(gHai )
2
〉
T
− 〈(gHai )2〉0] (31)
with b = 11
3
Nc +
34
3
N2c
16pi2
in the two-loop approximation adopted [f. Eq. (26)℄, and Nc = 3.
The ontribution of the hromo-magneti ondensate to the trae anomaly in the vauum is
subtrated. It amounts to a half of the full ontribution, while the other half is represented
by the hromo-eletri gluon ondensate 〈(gEai )2〉T , whose evaporation at T = Tc leads
to deonnement [11, 16, 21℄. Thus, 〈(gHai )2〉0 = 12
〈
(gF aµν)
2
〉
0
, where the value of the
full ondensate onsistent with the known values of the string tension and of the vauum
orrelation length [21℄ is
〈
(gF aµν)
2
〉
0
= 3.55GeV4 [9, 35℄. The temperature dependene of
the hromo-magneti ondensate an be modeled by a formula similar to Eq. (27),
〈
(gHai )
2
〉
T
=
〈
(gHai )
2
〉
0
·


1 at Tc < T < T∗,[
g2(T )
g2(T∗)
· T
T∗
]4
at T > T∗.
(32)
Aording to Eqs. (31) and (32), stohasti bakground elds alone produe no ontribution
to the interation measure at Tc < T < T∗, due to the onstany of 〈(gHai )2〉T at these
temperatures [39℄. At T > T∗, this ontribution starts appearing, but at the highest tem-
perature under onsideration, T = 4.54Tc, it must vanish again, as we assume that at this
temperature all thermodynami quantities are ompletely saturated by perturbative inter-
ations of valene gluons. Sine the inrease of the perturbative ontribution is given by
the funtion (30), the simultaneous derease of the nonperturbative ontribution should be
desribed by the funtion [C −C(T )]/C, where C = C(4.54Tc) ≃ 0.24, Eq. (23). Hene, the
ontribution of stohasti bakground elds to the interation measure an be parametrized
as
(ε− 3p)stoch = C − C(T )
C
· (−b)
32pi2
[〈
(gHai )
2
〉
T
− 〈(gHai )2〉0] . (33)
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The ontribution to the pressure produed by stohasti bakground elds, pstoch, an be
obtained by integrating the formula
T
∂
∂T
pstoch
T 4
=
(ε− 3p)stoch
T 4
from T = T∗, below whih (ε− 3p)stoch = 0, on. This ontribution thus reads
pstoch(T )
T 4
=
∫ T
T∗
dT ′
(ε− 3p)stoch(T ′)
T ′5
. (34)
As follows from Eqs. (32)-(34), both (ε− 3p)stoch and pstoch are negative denite, leading to
the dereases of the full (ε− 3p) and p by a few perent at T∗ < T < 4.54Tc.
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